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ABSTRACT 

In this work, the first boundary value problem is studied for the third-order differential 

equation ( , )
xxx yy

U U f x y− =  with multiple characteristics in the region 

( ){ }, : 0 , 0D x y x p y l= < < < < . By the method of energy integral it is proved 

uniqueness of solution. Green’s function is constructed for the first boundary-value 
problem and through which the explicit solution of the formulated problem is 
presented. 
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INTRODUCTION 

The study of the equation of the 3
rd

 order  

                                            ( ),
xxx yy

u u f x y− =                                              (1) 

with multiple characteristics was originated in papers of  H.Block [3], E.Del 

Vecchio [6,7], L.Cattabriga [5]. Then in the works [ ]1,11 ,  various boundary 

problems were studied by using the method of potentials. 

  
We have to note that equation (1) in considered conjugated to the 

equation 

                                              ( ),
xxx yy

u u F x y+ =  

which is linear part (in 0ν = ) named  VT- equation (Viscous Transonic 

equation),  

                                           
xxx yy y x xx

u u u u u
y

ν
+ − = . 
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For 1ν =  expresses VT- equation expresses an axially symmetric flow, and 

for 0ν =  if expresses a plane-parallel flow and has the form [8,14]. 

  

In [9] constructed fundamental solution of the equation (1) using the 

method of constructing auto modeling solution. These solutions have the 
following form:  

( ) ( )
1

3, ; , , ,U x y y f t tξ η η= − − ∞ < < ∞                         

                                  ( ) ( )
1

3, ; , , 0,V x y y t tξ η η ϕ= − <                              (2) 

where 
32 2 1 4

( ) ( , ; )
6 33

f t t τ
π

= Ψ ,   

1
36 ( )

1 43( ) ( , ; )
6 33

Г

t tϕ τ
π

= Φ ,
3

2

3

4
, ,

27

x
t t

y

ξ
τ

η

−
= =

−

 

( , ; ), ( , ; )a b x a b xΨ Φ  are degenerated hypergeometric functions (see, chapter 

6, pp.237, 245,[4]). 

 

Estimates for fundamental solutions were obtained by using estimates 
for hypergeometric functions when argument of the solution approaches 

infinity. 

 

For ( , ; , )U x y ξ η  the following estimates are valid: 

1 ( 1) 1 3
[2 3 1 (1 ( 1) )]

2 2 2 ,

k
kh k

h k

khh k

U
C y x

x dy
η ξ

− −+
− + − + − −∂

≤ − −
∂

  as   
2

3

,
x

y

ξ

η

−
→ ∞

−

 

kh
C  is a constant, , 0,1, 2.......k h = . 

Similar estimates are true for ( , ; , )V x y ξ η  as  ( )
2

3x yξ η
−

− − → −∞ . 

  

In the present paper Green’s function for the first boundary-value 
problem was constructed in a rectangular region and in terms of that the 

explicit solution of the stated problem was obtained. 
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STATEMENT OF THE PROBLEM 

In the domain ( ){ }, : 0 , 0D x y x p y l= < < < < we consider the 

equation (1), where 0, 0p l> >  are constants. 

 

A function ( ),u x y  that satisfies the equation (1) in the domain D and 

belongs to the class  ( ) ( )3,2 1,0

, ,x y x yC D C D∩  is said to be a regular solution of the 

equation (1).  
 

Problem 1F . Find the regular solution of the equation (1) in the domain 

D that satisfies the following boundary-value conditions 

 

                                  ( ) ( ) ( ) ( )1 2,0 , ,u x x u x l xϕ ϕ= = ,                                (3) 

               ( ) ( ) ( ) ( ) ( ) ( )1 2 30, , , , ,
x

u y y u p y y u p y yψ ψ ψ= = = ,                 (4) 

where 

        ( ) [ ] ( ) [ ] ( ) ( )0,2

,0, , 1,2, 0, , 1,2,3, ,i j x yx C p i y С l j f x y C Dϕ ψ∈ = ∈ = ∈ . 

 
Moreover, the following matching conditions  

 

            
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

'

1 1 1 2 1 3 2 1

'

2 2 2 3

0 0 , 0 , 0 , 0 ,

, , ,0 , 0,

p p l

p l p l f x f x l

ϕ ψ ϕ ψ ϕ ψ ϕ ψ

ϕ ψ ϕ ψ

= = = =

= = = =
 

 

are satisfied. 
 

Problem 1F  for ( ) ( ) ( )1 2 , 0x x f x yϕ ϕ= = =  is considered in [10] and for  

( ) ( )1 2 0x xϕ ϕ= =  is considered in [2]. 

 

 

UNIQUENESS OF THE SOLUTION 

With regards to the above, we prove: 

 

Theorem.  The homogeneous problem 1F  has the only trivial solution. 
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Proof.  Let the problem 1F  has two solutions, say ( )1 ,u x y  and ( )2 ,u x y . 

Then the function ( ) ( ) ( )1 2, , ,u x y u x y u x y= −  satisfies the equation 

0
xxx yy

u u− =  and the homogeneous boundary conditions. 

 
Now integrating the identity 

 

( )2 21
0

2
xx x y y

uu u uu u
x y

∂ ∂ 
− − + = 

∂ ∂ 
 

 

over the region D and taking into account the boundary conditions we obtain 

   ( ) ( )2 2

0

1
0, , 0

2

l

x y

D

u y dy u x y dxdy+ =∫ ∫∫ . 

Hence, ( ), 0
y

u x y = , i.e. ( ) ( ),u x y xφ= .  Equality ( ), 0 0u x = , implies 

( ) 0xφ = , so ( ), 0u x y ≡ . 

 

 

EXISTENCE OF THE SOLUTION 

Consider the following differential operators 

 

     
3 2

3 2
L

ξ η

∂ ∂
≡ −

∂ ∂
,      

3 2

3 2
L

ξ η
∗ ∂ ∂

≡ − −
∂ ∂

 , 

where L
∗
 is the adjoint operator.  Integrating the identity 

 

    [ ] [ ] ( ) ( )L L ξξ ξ ξ ξξ η ηϕ ψ ψ ϕ ϕψ ϕ ψ ϕ ψ ϕψ ϕ ψ
ξ η

∗ ∂ ∂
− ≡ − + − −

∂ ∂
 

 

over the region D , where  ,ϕ ψ  are sufficiently smooth functions, we obtain  

 

[ ] [ ]( ) ( )

( )

0

0

0

.

0

l

D

p

p

L L d d d

l

d

ξξ ξ ξ ξξ

η η

ξ

ϕ ψ ψ ϕ ξ η ϕψ ϕ ψ ϕ ψ η

ξ

η

ϕψ ϕ ψ ξ

η

∗

=

− = − + −

=

=

− −

=

∫∫ ∫

∫

                (5) 
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Now as the function ϕ   we take the fundamental solution of the equation (1), 

( , ; , )U x y ξ η , that as the function of ( ),ξ η  satisfies the equation 

 

[ ] 0L U U Uξξξ ηη
∗ ≡ − − =  

 

at ( ) ( ), ,x y ξ η≠ . We take as the function ψ  any regular solution ( , )u x y  of 

the equation (1). Then identity (5) has the form   

 

( )

( )

0

0

( , ; , ) ( , )

0

0

l

D

p

p

U x y f d d Uu U u U u d

l

Uu U u d

ξξ ξ ξ ξξ

η η

ξ

ξ η ξ η ξ η η

ξ

η

ξ

η

=

= − + −

=

=

− −

=

∫∫ ∫

∫

               (6) 

                                        .                                        

We prove the following lemma. 

 

Lemma.  For ( ) [ ];x С a bϕ∀ ∈   and ,x yξ η∀ ≠ ≠  

0
0lim ( , ; , ) ( ) ( ).

b

x x
ay

U x y d xη

η

ξ η ϕ ξ ξ ϕ
→
→

= −∫  

 

Proof. We assume that y η>  (in the case y η<  the proof is similar). 

According to continuity of ( )xϕ  at 
0

x  there exists ( )δ ε  such that  

0
( ) ( )x xϕ ϕ ε− <  whenever 

0
x x δ− < . 

Using relation (see, [9]) 

 

( )sgnU U yη η∗= − − , 

where 

3

2 2 1

3 3 3

1 7 4 4 3 3
( , ; , ) ( ) , ( ) ( , ; ) , ,

3 6 3 27
2

x t
U x y f f t t

y y

ξ π
ξ η γ

γη η

∗ ∗ ∗−
= = Ψ =

− −

 

and splitting the interval [ , ]a b   we can represent the integral as the sum of 

three integrals: 
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2 2

3 3

1
( , ; , ) ( ) ( , ; , ) ( ) ( )

b b b

a a a

x
U x y d U x y d f d

y y
η

ξ
ξ η ϕ ξ ξ ξ η ϕ ξ ξ ϕ ξ ξ

η η

∗ ∗

 
− = − = − =

  − − 
∫ ∫ ∫  

( ) ( ) ( ) ( )

1 2

1

2 2 2 2

3 3 3 3

1 1
( ) ( )

x x

a x

x x
f d f d

y y y y

ξ ξ
ϕ ξ ξ ϕ ξ ξ

η η η η

∗ ∗

   
− −   = − − −

      − − − −   
∫ ∫  

( ) ( )2

1 2 32 2

3 3

1
( )

b

x

x
f d I I I

y y

ξ
ϕ ξ ξ

η η

∗

 
− − = + +

  − − 
∫ , 

 
where 

                                1 0 2 0,x x x xδ δ= − = + . 
 

The general term 2I  can be rewritten as 

( ) ( ) ( ) ( )
[ ]

2 2

1 1

0 02 2 2 2

3 3 3 3

1 1
( ) ( ) ( )

x x

x x

x x
x f d f x d

y y y y

ξ ξ
ϕ ξ ϕ ξ ϕ ξ

η η η η

∗ ∗

   
− −   − − − =

      − − − −   
∫ ∫  

21 22I I= + . 
 

The integral 21I  is evaluated directly by substituting 

( )
( ) ( )

2 2

3 3
2

3

, ,
x

t x t y d y dt

y

ξ
ξ η ξ η

η

−
= = − − = − −

−

. 

Indeed, 

( )

( )

1
2

3

2
2

3

21 0( ) ( )

x x

y

x x

y

I x f t dt

η

η

ϕ

−

−

∗

−

−

= − ∫ . 

If 0x x δ− < , then the upper limit is positive and lower limit is negative, and  

upper limit approaches +∞ , lower limit approaches −∞  as 0yη → − . 

Therefore in accordance with (see, [9]) 

( ) 1f t dt

∞
∗

−∞

=∫  

we obtain 

0

21 0
0

lim ( )
y

x x

I x
η

ϕ
→ −
→

= − . 
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We show that other integrals 
22 1 3

, ,I I I  approach zero. 

 

We first estimate the integral 
22

:I  

 

( ) ( )

2

1

22 02 2

3 3

1
( ) ( )

x

x

x
I f x d

y y

ξ
ϕ ξ ϕ ξ

η η

∗

 
− ≤ −

  − − 
∫ . 

 

As 
1 2

,x xξ< <  then 
0

xξ δ− < , so 

( )

( )

1
2

3

2
2

3

22
( )

x x

y

x x

y

I f t dt

η

η

ε

−

−

∗

−

−

≤ ∫ . 

We show that integral 

                                                  

( )

( )

1
2

3

2
2

3

( )

x x

y

x x

y

f t dt

η

η

−

−

∗

−

−

∫ , 

 

converges for  
0
, 0x x yη→ → − . Originally, for 

0
x x δ− <  upper limit is 

positive, lower limit is negative and for 0yη → −  upper limit strives to 

+∞ , lower limit strives to −∞  and we obtain following integral  
 

                                                     ( )f t dt

+∞
∗

−∞

∫ .  

 
With regards to the integration domain, one can use the estimate 

( )
5

2f t C t
−∗ <  (see [9]) and for t → ∞ , we obtain the 

0

22
0

lim 0
y

x x

I
η→ −

→

= .  
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We have 

( ) ( )
( )

( )
2

31

1
2

3

1 2 2

3 3

1
( ) ( ) 0

x a

yx

x xa

y

x
I f d N f t dt

y y

η

η

ξ
ϕ ξ ξ

η η

−

−

∗ ∗

−

−

 
− < < →

  − − 

∫ ∫  

 

as 
0
, 0x x yη→ → −  (continuity of the function ( )xϕ  on the closed interval 

implies its boundedness on that interval, i.e. ( )x Nϕ ≤ ). 

If 
0

x x→ , then 
1

0x x− >  and if 0yη → − , then the upper and the lower 

limits approach +∞ . Similarly,  
 

   

( ) ( )
( )

( )

2
2

3

2
2

3

3 2 2

3 3

1
( ) ( ) 0

x x

yb

x bx

y

x
I f d N f t dt

y y

η

η

ξ
ϕ ξ ξ

η η

−

−

∗ ∗

−

−

 
− < < →

  − − 

∫ ∫  

as 
0
, 0x x yη→ → − . 

 

This completes the proof of the Lemma. 
According to the above Lemma, (6) implies  
 

( ) ( )
0 0

2 ( , )

0 0

( , ; , ) ( , ) .

pl

D

p l

u x y Uu U u U u d Uu U u d

U x y f d d

ξξ ξ ξ ξξ η η

ξ η

η ξ

ξ η

ξ η ξ η ξ η

= =

= − + − − −

= =

−

∫ ∫

∫∫

        (7) 

                                                               

Let now ( , ; , )W x y ξ η  be any regular solution of the adjoin equation, and 

( , )u x y  be any regular solution of the equation (1). Then letting in (5)         

( , ; , )W x yϕ ξ η= , ( , )uψ ξ η=  

we obtain 

( ) ( )
0 0

0

0 0

( , ; , ) ( , ) .

pl

D

p l

Wu W u W u d Wu W u d

W x y f d d

ξξ ξ ξ ξξ η η

ξ η

η ξ

ξ η

ξ η ξ η ξ η

= =

= − + − − −

= =

−

∫ ∫

∫∫

                  (8)                       
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Combining (7) with (8) we obtain 

( ) ( )
0 0

2 ( , )

0 0

( , ; , ) ( , ) ,

pl

D

p l

u x y Gu G u G u d Gu G u d

G x y f d d

ξξ ξ ξ ξξ η η

ξ η

η ξ

ξ η

ξ η ξ η ξ η

= =

= − + − − −

= =

−

∫ ∫

∫∫

        (9) 

 

where 

( , ; , ) ( , ; , ) ( , ; , )G x y U x y W x yξ η ξ η ξ η= − . 

 

Now we construct the function ( , ; , )G x y ξ η  having the following properties, 

at ( ) ( ), ,x y ξ η≠ : 

 

                       

[ ]
( ) ( ) ( )

( ) ( ) ( )

0,

,0; , , ; , 0, 10

0, ; , , ; , , ; , 0,x

L G

G x G x l

G y G p y G p y

ξ η ξ η

ξ η ξ η ξ η

 =


= =


= = =

 

 

with respect to the variables ( , )x y , and 

                      

[ ]
( ) ( ) ( )

( ) ( ) ( )

0,

, ; ,0 , ; , 0, 11

, ;0, , ; , , ;0, 0

L G

G x y G x y l

G x y G x y p G x yξ

ξ ξ

η η η

∗ =


= =


= = =

 

 

with respect to the variables ( ),ξ η . 

To this end we solve the following auxiliary problem: 
 

Problem 0F . Find the regular solution of the equation (1) satisfying the 

following boundary-value conditions: 
 

                        ( ),0 0u x = , ( ), 0u x l = ,      0 x p< < ,                                 (12) 

                    ( ) ( ) ( )0, , , 0xu y u p y u p y′= = = ,     0 y l< < .                        (13)  

in the domain D. 
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We seek the solution of the stated problem in the form (see, pp. 95, 211, [15]) 
 

                           
1

( , ) ( )sin
k

k

k
u x y X x y

l

π∞

=

=∑ .                                              (14) 

 

The function ( , )f x y  can be decomposed over system of eigenfunctions: 

                        
0

( , ) ( )sin
k

k

k
f x y f x y

l

π∞

=

=∑ ,                                                 (15) 

 

where 

0

2
( ) ( , )sin

l

k

k
f x f x y ydy

l l

π
= ∫ . 

 

Substituting (14) and (15) into (1) we obtain 
 

( )3

0

( ) ( ) ( ) sin 0
k k k k

k

k
X x X x f x y

l

π
λ

∞

=

′′′ + − =∑ . 

To find the functions ( )
k

X x  we obtain the following problem 

                
[ ] 3( ) ( ) ( )

(0) ( ) ( ) 0,

k k k k k

k k k

L X X x X x f x

X X p X p

λ′′′ ≡ + =


′= = =
                                            (16) 

where 
2

3

k

k

l

π
λ

 
=  
 

. 

 

We seek the solution of the problem (16) by the method of construction of 

Green’s function ( ),
k

G x ξ  (see, p.96, [12]) that possesses the following 

properties: 
 

1. ( ),
k

G x ξ  is continuous and has continuous derivative with respect 

to x  in 0 x p≤ ≤ . 

2. Its derivative of the second order with respect to x  at x ξ=  has a 

jump discontinuity, with the jump being equal to 1, i.e. 

 

      
( ) ( )2 2

2 2

, ,
1

0 0

k k
G x G x

x xx x

ξ ξ

ξ ξ

∂ ∂
− =

= + = −∂ ∂
. 
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3. In each of intervals 0 x ξ≤ <  and x pξ < ≤  the function ( ),
k

G x ξ  

as a function of x  satisfies the equation 

    [ ]
3

3

3
0k

k k k

G
L G G

x
λ

∂
= + =

∂
. 

 

 4. ( ) ( )(0, ) , , 0
k k k x

G G p G pξ ξ ξ= = = . 

 
The following function is the Green function for the problem (16): 

 

   

( )
( )

( )

( )
( )

( )
( )

3
2

2 2

3

2 2

2

3
2

1 3 3
, 2 sin 2 sin

2 6 2 6

3
2 sin

2 6

3
2 sin

2 6

3 3
4 sin sin , 0 ,

2 2

k
k

k

k

k

p x x

k k k

x
p

k

x

k

p x

k k

G x e p e

e p x

e x

e p x x

λλ ξ ξ

λ ξ

λ
ξ

λ
ξ

π π
ξ λ λ ξ

π
λ

π
λ ξ

λ ξ λ ξ

 
− + − − + 

 

 
− − − 

 

− −

− + −

    
= + − +       ∆     

 
− − + + 

 

 
+ − + + 

 

  
+ − ≤ ≤ 

  

  (17)         

                                                                                                                       

( )
( )

( )

( ) ( )
( )

3
2

2 22

3
2

1 3 3
, 2 sin 2 sin

2 6 2 6

3 3
4 sin sin ,

2 6 2 6

,

k
k

k

k

x
px

k k k

p xx

k k

G x e e p x

e e p x

x p

λ λ ξξ

λ
ξλ ξ

π π
ξ λ ξ λ

π π
λ λ ξ

ξ

 
− − −− +  

 

− + −− −

    
= − + − − + +    ∆     

   
+ + − + +    

   

≤ ≤

 

where 
3

2 2
3

3 1 2 sin 0
2 6

k p

k k
e p

λ π
λ λ

−  
∆ = − + ≠    

  
.  

 
The function defined by (17) can easily be verified to possess all the 

properties formulated in definition of Green’s function for the problem (16). 

Hence, the solution of the problem (16) has the form 
 

                                   ( ) ( ) ( )
0

,

p

k k kX x G x f dξ ξ ξ= ∫ .                                  (18) 
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Then combining (14) with (18) we obtain the solution of the problem 0F :  

( ) ( ) ( ) ( ) ( )
1 10 0

, , sin , sin

p p

k k k k

k k

k ky
u x y G x f d y G x f d

l l

π π
ξ ξ ξ ξ ξ ξ

∞ ∞

= =

= =∑ ∑∫ ∫ .    (19) 

 

If the series (19) and the partial derivatives ,
xxx yy

u u  converge uniformly in 

( ){ }, :0 ,0D x y x p y l= < < < < , then the function ( , )u x y  is the solution of 

the problem 0F . 

 

We estimate the function (19): 

( ) ( ) ( ) ( ) ( )

( ) ( )

1 10 0

10

, , sin , sin

, .

p p

k k k k

k k

p

k k

k

ky k
u x y G x f d G x y f d

l l

G x f d

π π
ξ ξ ξ ξ ξ ξ

ξ ξ ξ

∞ ∞

= =

∞

=

≤ ≤ ≤

≤

∑ ∑∫ ∫

∑∫

   (20) 

 

Under the conditions stated above regarding the function ( , )f x y , the 

following inequality is true (see, p. 55, [13]) 

1

2
( )

k

M
f

k
ξ ≤ ,  1 0M const= > , 

since ( )
n

f ξ  are coefficients of Fourier in decomposition of ( , )f x y  in (0, )l . 

Therefore from (20) we obtain  
 

( ) ( ) ( ) ( )2 2
1 10 0

1
, , ,

p p

k k k

k k

u x y G x f d M G x d
k

ξ ξ ξ ξ ξ
∞ ∞

= =

≤ ≤∑ ∑∫ ∫ .                (21) 

Evaluating the estimators of the function ( ),
k

G x ξ  we obtain from (17) 

 

( )

1

2

3 1

2 2

12 2

3 1

2 2

22 2

10 2
, 0 , 0 ,

3 3
,

8 1
, , 0

3 3

k k

k k

p

k k

k
p

k k

e e
x x

G x

e e
x l x

λ λ δ

λ λ δ

ξ δ ξ
λ λ

ξ

ξ δ ξ
λ λ

− −

− −


 + ≤ < < < −


≤ 

 + < ≤ < < −


, 

or 

         ( )

3 1
42 2
3

32 2

10 2
,

3 3

k kp

k

k k

e e
G x M k

λ λ δ

ξ
λ λ

− −
−

≤ + =  .                                         (22) 
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Then from (21) we take ( )
10

3
4,u x y M k

−

≤ ,   and series (19) is uniformly 

converged. 

 

Hence, the series under integral in (20) converges uniformly. 

We show that the series of derivatives 
xxx

u  converges uniformly. As 

 

( ) ( ) ( ) ( )
3 3

3

13 3 2
1 10 0

1
, , ,

p p

k k k k

k k

u x y G x f d M G x d
x x k

ξ ξ ξ λ ξ ξ
∞ ∞

= =

∂ ∂
≤ ≤

∂ ∂
∑ ∑∫ ∫ ,    (23) 

 
then 

( )
23 1

3 32 2
6

10 2
,

3 3

k kp

k k k k
G x e e M k

λ λ δ
λ ξ λ λ

− −

≤ + ≤ . 

 

Then from (23) we have 

 

( )
43

3
73

, , 0, 1,7,
i

u x y M k M const i
x

−∂
≤ = > =

∂
 

 

and series (23) is uniformly converged. 
 

Since ( ) ( )
2 3

2 3
, ,u x y u x y

y x

∂ ∂
=

∂ ∂
,the same reasoning applies to the series 

associated with the derivative 
yy

u .This implies that it is possible to 

differentiate the series (19) term by term, which is necessary condition for 

( ),u x y  to satisfy the equation (1). Changing the order of summation and 

integration is always valid, since the series under integral (19) is convergent 

with respect to ξ . 

  

By replacing ( )
n

f ξ  with their values in the solution (20), we obtain the final 

solution of auxiliary problem 0F  in the form 

( ) ( ) ( )

( ) ( )

10

10 0

, , sin

2
, , sin sin

p

k k

k

p l

k

k

ky
u x y G x f d

l

k k
G x f yd d

l l l

π
ξ ξ ξ

π π
ξ ξ η η η ξ

∞

=

∞

=

= =

= =

∑∫

∑∫ ∫
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( ) ( ) ( ) ( )
10 0 0 0

2
, , sin sin , , , ,

p pl l

k

k

k k
f G x yd d G x y f d d

l l l

π π
ξ η ξ η ξ η ξ η ξ η ξ η

∞

=

= =∑∫∫ ∫ ∫ , 

 

where 

               ( ) ( )
1

2
, , , , sin sin

k

k

k k
G x y G x y

l l l

π π
ξ η ξ η

∞

=

= ∑ .                           (24) 

A trivial verification shows that the function ( ), , ,G x yξ η  satisfies all the 

conditions of the problems (10) and (11). The function (24) is Green’s 
function of the first boundary-value problem for the region D. Convergence 

of the series (24) follows from the estimate (22) for the function ( ),
k

G x ξ  at 

x ξ≠ . 

 
Now taking into account the boundary conditions (10),(11) for the function 

( ), , ,G x yξ η  and the boundary conditions (3),(4)  for ( ),u x y  from (9) we 

obtain the solution of 1F in explicit form: 

 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 1

0 0

3 2

0 0

1

0

2 , , , , , ,0,

, , , , , ,

, , ,0 , , , , .

l l

pl

p

D

u x y G x y p d G x y d

G x y p d G x y l d

G x y d G x y f d d

ξξ ξξ

ξ η

η

η ψ η η η ψ η η

η ψ η η ξ ϕ ξ ξ

ξ ϕ ξ ξ ξ η ξ η ξ η

= − −

− + −

− −

∫ ∫

∫ ∫

∫ ∫∫

 

 

Eventually, we gained the solution of  1F  problem expressed as an integral 

equation in other works as precise appearance. 
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