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ABSTRACT

In this work, the first boundary value problem is studied for the third-order differential
equation U, -U = f(x,y) with multiple characteristics in the region

D={(x,y): 0<x<p, 0<y<I}. By the method of energy integral it is proved

uniqueness of solution. Green’s function is constructed for the first boundary-value
problem and through which the explicit solution of the formulated problem is
presented.
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INTRODUCTION

The study of the equation of the 3" order
U —t,, = f(x,) D
with multiple characteristics was originated in papers of H.Block [3], E.Del
Vecchio [6,7], L.Cattabriga [5]. Then in the works [1,1 1], various boundary

problems were studied by using the method of potentials.

We have to note that equation (1) in considered conjugated to the
equation
um+uyy=F(x,y)
which is linear part (in v=0) named VT- equation (Viscous Transonic
equation),
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For v =1 expresses VT- equation expresses an axially symmetric flow, and
for v =0 if expresses a plane-parallel flow and has the form [8,14].

In [9] constructed fundamental solution of the equation (1) using the
method of constructing auto modeling solution. These solutions have the
following form:

U(x,y:&m)=|y—np £ (1), —eo<t<eo,
V(x,y:&m)=y-n o(z), <0, )

2\/_
f= \/g 63 iT),

where

1
361°(—)
tCID(l 4, :7), T=it3 t=

o) = ,
\/gﬂ' 6'3 27 |y_77|§

Y(a,b;x), ®(a,b;x) are degenerated hypergeometric functions (see, chapter
6, pp.237, 245,[4]).

Estimates for fundamental solutions were obtained by using estimates
for hypergeometric functions when argument of the solution approaches
infinity.

For U (x,y;&,n) the following estimates are valid:

alz+kU
axhdyk

1-(-Df
[2h+3k 1+ (1 =D X—
—Ckh|y_77| 2 |x é—’| , as ‘52 — oo

ly=np

C,, is a constant, k,h=0,1,2........

2
Similar estimates are true for V(x,y;£,7) as (x— §)|y —77| 3> oo,

In the present paper Green’s function for the first boundary-value
problem was constructed in a rectangular region and in terms of that the
explicit solution of the stated problem was obtained.
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STATEMENT OF THE PROBLEM

In the domain D={(x,y): 0<x<p, O<y<I}we consider the

equation (1), where p >0, />0 are constants.

A function u(x,y) that satisfies the equation (1) in the domain D and

belongs to the class Cjﬁ (D)N Ci’,(; (B) is said to be a regular solution of the

equation (1).

Problem F;. Find the regular solution of the equation (1) in the domain
D that satisfies the following boundary-value conditions

u(x,0)=9 (x), u(xl)=90,(x), 3)

u(0,y)=w,(y), u(p.y)=v,(y), u.(p.y)=w5(»). @)
where

¢, (x)eClo.pl.i=12, y,(y)eClod], j=1.23,f(x.y)e CZ(D).
Moreover, the following matching conditions

¢1(0):l//1(0)’ (/71(])):;//2(0), ¢’£(p):yf3(0)’ ¢2(0):W1(l)’
¢)2(p)=l//2(l), ¢)'2(p)=l//3(l), f(X,0)=f(x,l):0,

are satisfied.

Problem F, for ¢,(x)=@,(x)=f(x,y)=0 is considered in [10] and for
@, (x)=@,(x)=0 is considered in [2].

UNIQUENESS OF THE SOLUTION

With regards to the above, we prove:

Theorem. The homogeneous problem F, has the only trivial solution.
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Proof. Let the problem F, has two solutions, say u,(x,y) and u,(x,y).
Then the function u(x,y)=u(x,y)—u,(x,y) satisfies the equation

u, —u, =0 and the homogeneous boundary conditions.

X

Now integrating the identity

aa—x(uum —lufj—i(uuy)+u§ =0

over the region D and taking into account the boundary conditions we obtain
1 1
E.([u 0,y dy+.|..|. x,y)dxdy =0.

Hence, u,(x,y)=0, ie. u(x,y)=¢(x). Equality u (x,0)=o0, implies
#(x)=0,s0 u(x,y)=0.

EXISTENCE OF THE SOLUTION
Consider the following differential operators
g o g 0
=, L=————
o8 o’ o8 on’
where L' is the adjoint operator. Integrating the identity

0
oLly]-yL [p]= é_,((/’%g PV +PV) _5((/’% ~o¥)
over the region D, where @,y are sufficiently smooth functions, we obtain
, §=p
[[(pLlw]-wL [ol)dédn=[(pvs -0 + o) dn-
D 0 =0
®)
P n=1
- [(ov,—ow)  d&
0 77 — 0
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Now as the function ¢ we take the fundamental solution of the equation (1),
U (x,y;&,m) , that as the function of (£,7) satisfies the equation

LU]=Vg -V, =0

at (x,y)#(&,1). We take as the function ¥ any regular solution u(x,y) of
the equation (1). Then identity (5) has the form

, g=r
JJuGy:émf&mdédn=[(Ung ~Uu +Upu)|  dip~

=0
d (6)

We prove the following lemma.
Lemma. For V¢(x)e C[a;b] and Vx=&,y#n

lim [U, (x, y:&-@E)dE =—p(x,).

n—y 4

Proof. We assume that y>#n (in the case y<mn the proof is similar).
According to continuity of ¢(x) at x, there exists o(¢) such that
|¢(x)—¢(x0)|<€ whenever |x—x0|<5.

Using relation (see, [9])

U,=-U"sgn(y-n),

where
. 1 . x- . t 74 4 337
ly=n |y-nf 4 23

and splitting the interval [a,b] we can represent the integral as the sum of
three integrals:
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b b . b 1 . _
[u,eyémpéraé=-[u <x,y;§,n><o<§>d§=—j| |2f |x |g AHdé =
‘ ‘ “ly=mp> \Jy=n

=-T o H"gz <o<§>d§—]z Lo _52 Pp(&)dE -

(y-n) w(y=n)  \(y-m)?

- Ll 228 @) dé=1,+1,+1,.
2(y=-n)p \(y-n)

X=X —-0,x,=x,+0.

The general term [ , can be rewritten as

) p—— x‘i dE—[——f" x‘i [0~ p(x,)]dé =
w(y-n)p ((y-n)3 w(y-n)3 ((y-n)
=L,+1,.

The integral 7,, is evaluated directly by substituting
x=¢& 2 2
t=——"25, S=x—t(y-n)3, df=—(y-n)dr.
(y-m)s
Indeed,
X=X

2
(y-n)3

Li==p(x) [ f'(d.

X=Xy
2
(-n)3
It |x - x0| < d, then the upper limit is positive and lower limit is negative, and
upper limit approaches +oo, lower limit approaches —eo as 77— y—0.
Therefore in accordance with (see, [9])

Tf*(t)dtzl

we obtain limo I, =—p(x,) .
-y~

X=X

6 Malaysian Journal of Mathematical Sciences



Construction of the Green’s Function for One Problem of Rectangular Region

We show that other integrals 1,,,1,,1, approach zero.

We first estimate the integral 7,, :

EY) 1 . _
|< | = i |0($) - p(x,)|dé -
y=1)3 y=n)?

A

As x;<&<x,, then [E—x,|< &, s0

X=X
2

(=13
|<e [ |F @l

X=X

(,v—ﬂ)%
We show that integral

X=X
2
(y-n)3

[ ol

X=X

2
(y-1)3

converges for x—x,, 7 — y—0. Originally, for |x— x0| < d upper limit is
positive, lower limit is negative and for 7 — y—0 upper limit strives to
400, lower limit strives to —eo and we obtain following integral

ﬂ £l

With regards to the integration domain, one can use the estimate

5
‘f* (t)‘ <Cl|i[ 2 (see [9]) and for t — e, we obtain the lim 1, =0.
n->y-
X=X
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We have

X—a
2

Xy 1 x_§ (,\’—77)3
1]<|] ~f = lp&agl<n |

5 ﬁ@@eo
a(y-n)3 ((y-n)> o
(y-n)3

as x = x,, 7 — y—0 (continuity of the function ¢(x) on the closed interval
implies its boundedness on that interval, i.e. |¢(x)| <N).

If x—>x,, then x—x, >0 and if 7 — y—0, then the upper and the lower
limits approach +oo. Similarly,

)
2

b (y=n)3
1 N .
n|<|[ - f §g¢@M§<N‘[f%ﬂm%0
e(y=n)  \(y-n) =
(y=n)3
as x—x,, n—y-0.
This completes the proof of the Lemma.
According to the above Lemma, (6) implies
, s=p n=1

2u(x,y)=J‘(Uu§§—U§u§+U§§u) d?]—.[(Uu,l—U,lu) d& -

_”U(x’ yi&.mf (& mdsdn.

Let now W(x,y;£, 1) be any regular solution of the adjoin equation, and
u(x,y) be any regular solution of the equation (1). Then letting in (5)

p=Wx,y;&.m, w=ul.n)

we obtain

, s=p n=1
0=J‘(Wu§§—W§u§+Wﬁu) dﬂ—j(Wu”—Wnu) dé-

0 £=0 0 n=0 &)

_I.[W(x’y;f’ﬂ)f(f,ﬂ)dfdn.
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Combining (7) with (8) we obtain

, s=p n=1
2u(x,y) = [(Gug =Gy +Gyut)|  dn—[(Gu, ~Gu)|  dé-
0 g=0 0 7=0 ©)

_HG(X’ y;&mf(&.maédn,

where
Gx,y;Em=Ux,y:Em—W(x,y;Em).

Now we construct the function G(x,y;&,n7) having the following properties,

at (x,y)#(&.m):

L[G]=0,
G(x,0:£,m)=G(x,1;,1m) =0, (10)
G(0,y:6.m)=G(p,y;:6.1m) =G, (p,y:6:1m) =0,

with respect to the variables (x,y), and
L'[G]=0,
G(x,y;£,0)=G(x,y;&,0)=0, (11)
G(x.y:0.7) =G (x.y: p.n) = G;(x,y:0.7) =0

with respect to the variables (&,77).
To this end we solve the following auxiliary problem:

Problem F,. Find the regular solution of the equation (1) satisfying the
following boundary-value conditions:

u(x,0)=0, u(x,0)=0, O<x<p, (12)

u(O,y)zu(p,y)zux,(p,y)zo, O<y<l. (13)
in the domain D.
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We seek the solution of the stated problem in the form (see, pp. 95, 211, [15])

u(x,y)=iXk(x)sinkT7[y. (14)

k=1

The function f(x,y) can be decomposed over system of eigenfunctions:

fmw=iﬁ@mﬁf% (15)

where

2 . krx
Ji (%) =ﬂf(x, y)sin—=ydy .
0
Substituting (14) and (15) into (1) we obtain

i(x;”(x) + X, (x0)-f, (x))sinkT”y =0.

k=0
To find the functions X, (x) we obtain the following problem

{HXJEXKM+%XAw=ﬁu)
X, (0)=X,(p)=X/(p)=0,

2
_(kx
-],
We seek the solution of the problem (16) by the method of construction of
Green’s function G, (x,&) (see, p.96, [12]) that possesses the following

(16)

where

properties:

1. G,(x,¢£) is continuous and has continuous derivative with respect
toxin 0<x<p.

2. Its derivative of the second order with respect to x at x=¢ has a
jump discontinuity, with the jump being equal to 1, i.e.

9°G, (x,€) 9°G, (x,€)

/1wl Y =1,
ox’ x=£+0 ox’ x=£-0
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3. In each of intervals 0<x<¢ and £<x< p the function G, (x,&)

as a function of x satisfies the equation
’G
L[Gk]:Wk-i_/lI?Gk :0 .

3

4‘Gk(07§)=Gk(p’g):ka(p7§):0‘

The following function is the Green function for the problem (16):

—A §7+X* 7i X+
Gk(x,f):l{Ze (3 5Jsin(§ft,{p+%j—2€ 2 g)sin(glk§+%j

A

—Zeiﬂk[apigyigj sin {ﬁftk (p—x)+ f} +
2 6 (17)
T

ey
+2¢ 2 )Sin{g%@—x)"‘g}‘

7i p+&—x
g T >Sin{§,1k(p_g)}ing,1kx}, 0<x<é,

(2 Y EINE
Gk(x,gg):i{—Ze ) g)sin(gﬂ%§+%]—2e &[2 : 2)sin{§ﬂ%(p—x)+%}+

A

Lokl 4 g2 £/7%(1?7—95)"‘z sin ﬁ,q%g_,_f :
6 2 6

E<x<p,

3
A=31] {1 P sin[g/lkp +%D #0.

The function defined by (17) can easily be verified to possess all the
properties formulated in definition of Green’s function for the problem (16).
Hence, the solution of the problem (16) has the form

p

X, (%) =[G, (x.£) £ () d¢ . (18)

0

Malaysian Journal of Mathematical Sciences 11
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Then combining (14) with (18) we obtain the solution of the problem F;:

w P

u(x,y)=>[G,(x, dgsm—y jZG s1n— f(E)dé. (19)

k=1 o 0 k=1

If the series (19) and the partial derivatives u u  converge uniformly in

xxx? yy

Dz{(x,y) O<x<p,0<y< l}, then the function u(x,y) is the solution of
the problem Fj.

We estimate the function (19):

()] <[ 26 (x.£)sn ™2, (£)a

0 k=1

ki] AR

£ (£)]dé <

<[Sle. (e

. 7k
Sll’lTy

O'—-ﬁ

Under the conditions stated above regarding the function f(x,y), the
following inequality is true (see, p. 55, [13])

|fk(§)|$%, M, = const >0,

since f, (&) are coefficients of Fourier in decomposition of f(x,y) in (0,1).
Therefore from (20) we obtain

< ]’:i|Gk (x’§)||fk (§)|d§SM2]ii k_12 |Gk (x’§)| dé. 21

Evaluating the estimators of the function G, (x,&) we obtain from (17)

10 _5/1/\1’ 2 _%/1/\51
=l 4 Zf0<x<é 0<<é-x,
34 3 A4
|G’<(x’§)|S 3 1 ’
86—5/%” 1 —EﬂAﬁz
———+————, ¢<x<I, 0<d,<x-¢
3 4 3 A4
or
1067 2 :
e e -
G, (x¢)s— +— =Mk 3 . 22
6. (x5, (22)
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10

Then from (21) we take |u(x, y)| <M 4k_? , and series (19) is uniformly

converged.

Hence, the series under integral in (20) converges uniformly.
We show that the series of derivatives u,  converges uniformly. As

83 P 83
‘ﬁu(x,y)sjzﬁ@(xfﬂfk( )& < MJZ |/13 |d§ (23)
0 k=1
then
3 1 2
26, (x.8) < 130 Ae * %ﬂk <M

Then from (23) we have

4 —_—

SM7k_§, M, =const>0,i=1,7,

a3

‘a—f”(x’y)

and series (23) is uniformly converged.
2 83

Since ?u(x, y)=?u(x, y) .the same reasoning applies to the series
y X

associated with the derivative u, .This implies that it is possible to

differentiate the series (19) term by term, which is necessary condition for
u(x,y) to satisfy the equation (1). Changing the order of summation and

integration is always valid, since the series under integral (19) is convergent
with respect to & .

By replacing f, (&) with their values in the solution (20), we obtain the final

solution of auxiliary problem F; in the form

u(x,y) IZG s1nTkyfk(§) &=

0 k=1

=_IZG I (&, 77)s1n—77s1n—yd77d§—

()kl
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pl o pl

= [[7(Em) 236, (v 8)sin " sin T yagan - [[o(xgrmr(&mazan
where
x&y,n)= ZG s1n7[7k77 s1n7[7ky (24)

A trivial verification shows that the function G(x, f,y,?]) satisfies all the

conditions of the problems (10) and (11). The function (24) is Green’s
function of the first boundary-value problem for the region D. Convergence

of the series (24) follows from the estimate (22) for the function G, (x,f) at
x#&.

Now taking into account the boundary conditions (10),(11) for the function
G(x,&,y,1) and the boundary conditions (3),(4) for u(x,y) from (9) we

obtain the solution of F|in explicit form:

1 1
2u(x,y) = [ Gy (%, 1) () dn = G (x,3,0.0), () drp -
0 0

1

~[G: (x.y.p.m)y, (n)d77+fG,, (x.3.6.0)p,(5)as -

0

fG,,(xyfo Vo (£)dé ij (x.y.&m) f (§.m)d&dn.

0

Eventually, we gained the solution of F, problem expressed as an integral
equation in other works as precise appearance.
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